In this paper we prove a viability result for multidimensional, time dependent, stochastic differential equations driven by fractional Brownian motion with Hurst parameter 1 2 < H < 1, using pathwise approach. The sufficient condition is also an alternative global existence result for the fractional differential equations with restrictions on the state.
Introduction
Let B = {B t , t ≥ 0} be a fractional Brownian motion (fBm) of Hurst parameter H ∈ (0, 1). That is, B is a centered Gaussian process with the covariance function (see [12] ) R H (s, t) = E (B s B t ) = 1 2 t 2H + s 2H − |t − s| 2H .
The aim of this paper is to state necessary and sufficient conditions that guarantee that the solution of a given (forward) stochastic differential equation driven by the fractional Brownian motion B with Hurst parameter 1/2 < H < 1 (in short: f-SDE), P − a.s. ω ∈ Ω 
(t, x) ∈ [0, T ] × R k evolves in a prescribed set K i.e., under which it holds that for all t ∈ [0, T ] and for all x ∈ K : X t,x s ∈ K a.s. ω ∈ Ω, ∀s ∈ [t, T ]. where • B = (B i ) k×1 , B i , i = 1, k, are independent fractional Brownian motions with Hurst parameter H, 1 2 < H < 1., and the integral with respect to B is a pathwise Riemann-Stieltjes integral;
• X 0 = (X i 0 ) d×1 is a d -dimensional random variable defined in a complete probability space (Ω, F , P); A general result on the existence and uniqueness of the solution for multidimensional, time dependent, stochastic differential equations driven by a fractional Brownian motion with Hurst parameter H > 1/2 has been given by Nualart, Rȃşcanu in [16] using a techniques of the classical fractional calculus.
The viability -property, has been extensively studied for deterministic differential equations and inclusions,starting with Nagumo's pioneer work in 1943 ( see [2] for references). To our knowledge the first work that gives a characterization of the viability property in a stochastic framework was written by Aubin and Da Prato [3] in 1990 (see also [4] , [9] ). The key point of their work consists in defining a suitable Bouligand's stochastic tangent cone which generalizes the cone used in the study of the viability property for deterministic systems. (for other points of view see also [14] , [13] and [15] ).
Another approach has been developed by Buckdahn, Quincampoix, Rainer, Rȃşcanu in [5] which present a unified approach for the study of the viability property of SDE, BSDE and PDE by relating the distance to the constraint to some suitable PDE. More precisely, in the case of an SDE (respectively BSDE) they show that the viability property is equivalent to the fact that the square of the distance function is a viscosity super solution (respectively subsolution) of the PDE.
In this paper we will prove a Nagumo type Theorem on viability proprieties of close bounded subsets with respect to a stochastic differential equation driven by fractional Brownian motion, following an approach inspired by the work of Nualart and Rȃşcanu [16] .
The organization of the paper is as follows. In Section 2 we recall some classical definitions and consider the assumptions on the coefficients supposed to hold. In Section 3 we state our main result. Section 4 contains the deterministic more general result and Section 5 contains the proof of the result in the stochastic case.
Preliminaries

Generalized Stieltjes integral
Let d, k ∈ N * .Given a matrix A = (a i,j ) d×k and a vector y = (y i ) d×1 we denote
A equivalent norm can be defined by
|f (s)|. We have, for all 0 < ε < α
with continuous embeddings. Fix a parameter 0 < α < . Denote byW
Clearly,
where Γ(α) = ∞ 0 p α−1 e −p dp is the Euler function and
the integral
We give two continuity properties of this integral used in the paper. Let t ≤ s < τ ≤ T. We denote
is a linear continuous map and
where A
α,T is a positive constant depending only on α and T ; A
(1)
linear continuous map and for all
From the definition of the integral we have
and therefore
Hence the inequality (6) follows with A
and for t < r < u < θ < s
The inequality (7) clearly follows since
Assumptions and notations
, where the processes B j , j = 1, ..., k are independent fractional Brownian motions with Hurst parameter H defined in a complete probability space (Ω, F , P), X 0 is a d -dimensional random variable, and the coefficients
then we can write the equation (10) in a simpler form
Let us consider the following assumptions on the coefficients, which are supposed to hold for P -almost all ω ∈ Ω. The constants
(H 1 ) σ(t, x) is differentiable in x, and there exist some constants β, δ, 0 < β, δ ≤ 1, and for every R ≥ 0 there exists M R > 0 such that the following properties hold
where
With respect to the coefficient b we assume (H 2 ) There exist µ ∈ (1 − α 0 , 1] and for every R ≥ 0 there exists L R > 0 such that the following properties hold for all t ∈ [0, T ] , P − a.s. ω ∈ Ω :
From the work of D. Nualart and A. Rȃşcanu [16] we deduce that under the assumptions (H 1 ) and (H 2 ) with β > 1 − H and δ > 1 H − 1 and for every fixed (t, ξ)
In this paper we develop an other proof and we obtain a stronger existence result: if the starting point ξ belongs to a closed set K ⊂ R d then there exists a unique solution X t,ξ and the solution evolves in K.
Basic estimates
Fix a parameter 0
From Proposition 3 we infer
Corollary 4 Let the assumption (H 1 ) be satisfied and 0 < α <
Proof. From Proposition 3 we have
Now the inequalities (11-i, ii) clearly follow, since for all λ ≥ 0,
Lemma 5 Let the assumption (H 1 ) be satisfied and 0 < α <
for all λ ≥ 1, where
Proof of Lemma 5. For the proof we use the ideas from [16] . By the inequality (7) we have
Remark that if |x| , |y| , |u| , |v| ≤ R, then
and similar for h. We conclude that
and the inequality (12) now follows from (13).
We also give similar estimates for
where b satisfies the assumptions (H 2 ). Very similar estimates are given in the paper of Nualart&Rȃşcanu [16] .
and for all λ ≥ 1 :
where C 
for all λ ≥ 1, where C (b3) R constants depending only on α, T and L R from (H 2 ).
Proof. It is easy to see that
Hence the inequality (14-j) follows with C (b1) 0
we remark that
that clearly yields (14-jj) with C (b2) 0
Let now f, h ∈ W α,∞ (t, T ; R d ) and |f | ≤ R and |h| ≤ R. Then as here above, for all λ ≥ 1,
Hence the inequality (15)holds with
Finally we present some auxiliary estimates used in the sequel.
Lemma 8 Let the assumptions (H 1 ) and (H 2 ) be satisfied and 0 < α < β ∧ 
and for all 0 ≤ t ≤ τ ≤ s ≤ T :
R (s − τ ) and
Proof. (a) We have
2−α (b) By the assumptions (H 1 ) and Lemma 13 we have
3 Fractional viability. Main result.
Consider the stochastic differential equation driven by the fractional Brownian motion B with Hurst parameter 1/2 < H ≤ 1, P − a.s. ω ∈ Ω,
independent fractional Brownian motions with
Hurst parameter H, 1 2 < H < 1, and the integral with respect to B is a pathwise Riemann-Stieltjes integral;
• X 0 = (X i 0 ) d×1 is a d -dimensional random variable defined in a complete probability space (Ω, F , P); (18) have the property
Remark that, in the case when the equation has a unique solution (which is the case for the equation (18) under the assumptions (H 1 ) and (H 2 )), viability is equivalent with invariance.
Assume that the mappings b and σ from the equations (18) are satisfying (H 1 ) and (H 2 )
and for every R > 0 such that |x| ≤ R there exist two random variables H R ,H R > 0 and a constant γ = γ R ∈ (0, 1) which are independent of t,h (the constants H R ,
The main result (existence result and characterization of the viability) of our paper is the following • K is viable for the fractional stochastic differential equation (18) , i.e. for all t ∈ [0, T ] and for all x ∈ K (t) there exists a solution
• For all t ∈ [0, T ] and all
Deterministic approach
Let arbitrary fixed (t,
where g ∈W 1−α,∞ (t, T ; R k ) and the coefficients b :
are continuous functions satisfying the assumptions (H 1 ), (H 2 ). Let α be arbitrary fixed such that
Nualart and Rascanu proved in [16] that if the assumptions (H 1 ) and (H 2 ) are satisfied then the equation (19) has a unique solution which is (1 − α) − Holder continuous. In the following Lemma we shall proof that the Holder constant of this solution has the form C 0 (1 + |x|) , with C 0 a positive constant depending only on
Lemma 13 Let the assumptions (H 1 ) and (H 2 ) be satisfied. If X t,x is a solution of the equation (19) then X t,x is (1 − α)-Holder continuous and
where C 0 is a constant depending only on
Proof. By Corollary 4 and Lemma 7 we have for all λ ≥ 1
for λ = λ 0 ≥ 1 sufficiently large,
is independent of λ). Then we have
On the other hand, using the same lemmas we get
is (1 − α) −Holder continuous with the Holder constant C 0 (1 + |x|) where C 0 depends only on M 0,T , M 0 , L 0 T , α, β and Λ α (g) . The proof is now complete.
Assume that the maps b and σ from the equations (19) are satisfying (H 1 ) and (H 2 ). Definition 14 (Tangency property) Let t ∈ [0, T ] and x ∈ K (t) . We say that the pair (b (t, x) , σ (t, x)) is (1 − α) −fractional g− tangent to K (t) in (t, x) if there existh =h t,x > 0, and two functions U = U t,x : t, t +h → R d , U (t) = 0, and V = V t,x : t, t +h → R d×k , V (t) = 0, and for every R > 0 such that |x| ≤ R there exist two constants D R ,D R > 0 independent of t,h such that for all s, τ ∈ t, t +h
and satisfying
Definition 15 (Contingency property) Let t ∈ [0, T ] and x ∈ K (t) . We say that the pair
for all s ∈ t, t +h .
We can now state the main result of the section. 
Then the following assertions are equivalent:
(j) K is C 1−α −viable for the fractional differential equation (19) , i.e. for any t ∈ [0, T ] and for any starting point x ∈ K (t), there exists a solution
Proof. Let 0 < ε ≤ 1. We denote by C R , C
R , . . . denote a generic positive constant independent of ε and depending only on R,
Let t ∈ [0, T ] and x ∈ K (t) be arbitrary fixed and
We clearly have for all s ∈ t, t +h
t,x r ) − b (t, x) and V (r) = σ(r, X t,x r ) − σ (t, x) . Clearly U and V satisfy (20).
(jj) ⇒ (jjj) : Let |x| ≤ R. We verify that
satisfies the Holder conditions from the definition of the contingency property. Indeed by we have
Now we prove that Q is (1 − α) −Holder continuous on t, t +h . Let t ≤ τ ≤ s ≤ t+h.
We have
Let us fix t ∈ [0, T ], x ∈ K (t) and 0 < ε ≤ 1. Let R 0 > 0 be such that |x| ≤ R 0 . We denote by A ε (t, x) the set of pairs (T X , X) where
, and there exists a positive constant Remark that B 0 and D 0 are independent of ε. The set A ε (t, x) is not empty because we can find (t, x) ∈ A ε (t, x) . A ε (t, x) is an inductive set for the order relation (T X 1 , X 1 (·)) (T X 2 , X 2 (·)) defined by and X ε≤ C R 0 ε 1 2 −α .
It remains now to prove that the limit of the sequence X ε exists as ε → 0 and this limit is a solution to the differential equation (19) Let 0 < ε, η ≤ 1. Using the estimates (12) and (15) ≤ B 0 .
Since X ε s ∈ K (s) for all s ∈ [t, T ] , clearly follows, as ε → 0, that X s ∈ K (s) for all s ∈ [t, T ] .
Passing to limit in (23) we infer that X t,x is a solution of the differential equation (19) starting at t from x and evolving in the tube {(s, y) : s ∈ [t, T ] , y ∈ K (s)} . The proof is complete.
Proof of the main result
Let be fixed a parameter 1/2 < H < 1. Consider B = {B t , t ∈ [0, T ]} be a R k valued fractional Brownian motion with parameter H defined in a complete probability space (Ω, F , P) . From (1)it follows that
and as a consequence, for any p ≥ 1,
It is known that the random variable
has moments of all order. As a consequence, As a consequence, if u = {u t , t ∈ [0, T ]} is a stochastic process whose trajectories belong to the space W α,1 (0, T ; R d×k ), with 1 − H < α < Moreover, if the trajectories of the process u belong to the space W α,∞ (0, T ; R d×k ), then the indefinite integral U t = t 0 u s dB s is Holder continuous of order 1 − α, and the estimates from Proposition 3 hold. Proof of the Theorem 12. Considering the previous observations, the solution follows directly from the deterministic Theorem 16.
